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1.  Xmtxodmetiom. 

Ibis  paper  is  wxittea  in  tbs  spirit  of  obtaining  i  ooaersts 
obsrsotsrisstioa  of  a  system  about  which  a  fair  bit  ia  general.  bat  aot  aaeb 
ia  partieulaz  is  known.  Iba  last  da cads  bas  witaasaad  a  growing  propensity 
aaoag  systems  tboorists  fox  tbs  language  aad  techniques  of  difforoatial 
geometry,  particularly  applied  to  problsas  involving  tba  structure  of 
aoaliaaar  ooatrol  systems.  Iaitially,  this  rosaarob  addraaaad  itaalf  to  tba 
taak  of  elassif ieatioa. aad  produced  a  literature  eoaeexaed  with  auob 
properties  as  aiaiaality  aad  xealiaability.  Ia  ooatraet.  it  ia  fair  to  aay 
that  uery  little  work  ooaceraiag  tba  qualitative  behavior  of  tbeae  syeteas  bad 
beea  atteapted  uatil  reeeatly.  Sixes  aoae  early  papers  ia  tba  sixties 
[17*  20] »  it  is  oaly  ia  tbe  last  fea  years  that  eoaoepts  like  eoatxollability 
[2,  6.  10.  11.  14.  13]  or  stabil isabil ity  [7.  11.  19.  21]  bare  bogus  to 
reoeive  atteatioa  la  tbe  literature. 

Beyoad  a  eertaia  level  of  abstraetioa  it  is  probably  iapossible  to 
proceed  ia  tbe  iavestigatioa  of  aoaliaaar  syeteas  without  adopt lag  tbe 
per spec tire  of  difforoatial  geouetry  as  ia  aov  customary.  But  snob  work  asst 
rely  upoa  iasigbts  developed  ia  very  ooaexete  eettiags  to  be  of  real  use. 

Bare,  we  report  oa  aa  iavestigatioa  at  tbst  opposite  pole  of  abstraetioa. 
Specif leal ly,  we  coasider  tbe  seooad  order  hoaogeaeous  bilinear  systoa 

1  ■  Ax  +  uDx  ^  b(x.a)  (1) 

2  2X  2 

wbexe  xsZ  .  A  aad  D  sX  ,  aad  u  is  a  pleeewise  continuous  function  taking 
values  ia  X.  The  pxiaeipal  eoatributioa  is  a  stateaeat  of  necessary  aad 
suffieieat  eoaditioas  for  eoaplete  controllability  of  this  system,  given  by 
Theorem  1  ia  seetioa  3. 

As  well  as  bolding  sigaifioaaee  for  tbe  more  geaeral  aoaliaaar  setting. 
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equations  of  this  kind  kayo  a  wall  roportod  range  of  applieationa  in  tkoir  own 
right  [5,  18].  The  authors'  interest  in  sneh  systems  was  sparked  when  earlier 
work  on  the  the  stability  of  second  order  quadratic  differential  equations 
[Id]  necessitated  a  consideration  of  bilinear-type  structure  quite 
independently.  That  result  afforded  a  complete  characterisation  of  conditions 
for  the  stabil inability  of  planar  bilinear  systems  under  constant  linear  state 
f eedbaok  [15] .  n 

T  Ln  n i 

- ^  The  pr enant--worh^  may  be  seen  as  a  part  of  ouf  continuing  effort  to 

address  some  typical  problems  of  nonlinear  control,  initially  in  settings 
simple  enough  to  permit  complete  solutions  upon  algebraic  statements 

iarolyimg  system  parameters.  It  is  one  atroWg  feelin|^that  much  more  effort 
of  this  nature  will  be  required  before  the  fruit  of  theoretical  work  in 
nonlinear  control  theory  becomes  useful  or  eren  accessible  for  application  in 
practical  situations. 

This  report  is  organized  as  follows.  A  preliminary  discussion  of 
techniques  and  terminology  is  given  in  section  2.  The  question  of  complete 
controllability  is  resolved  in  section  3.  In  section  4  we  consider  a  variety 
of  related  controllability  concepts.  Future  reports  will  concern  the  nature 


general  bilinear  systems  on  the  plane. 


2.  Definitions  and  Preliminary  Discussion. 


suability  fails,  as  well  as  similar  results  for 


All  of  the  results  to  follow  could  be  east  in  a  more  abstract  form  by  an 
appeal  to  the  theory  of  vector  fields  on  manifolds.  Kowever,  the  chief 
contribution  of  this  paper,  as  described  in  the  introduction,  oonsiets  in  the 
classification  of  planar  bilinear  systems  according  to  concrete  algebraic 
conditions  derived  from  the  simplest  notions  of  linear  algebra  and  matrix 


theory.  Vo  will  indicate  the  relation  of  thoao  conditions  to  the  aort 
abstract  literature  whore  appropriate.  But.  to  our  knowledge,  the  eoaeepte 
central  (although  alaost  certainly  not  peculiar)  to  the  controllability  of 
eyetea  (1)  aa  developed  in  the  sequel  have  not  yet  been  explored  in  the 
differential  geoaetric  control  literature. 

Bren  in  our  siaple  setting,  discussion  is  greatly  facilitated  by  a  nuaber 
of  terainological  conventions,  which  it  is  hoped  will  not  distract  the 
reader's  attention  froa  the  underlying  eleaentary  geoaetric  aotivation.  In 
this  section  we  will  introduce  that  terainology  and  establish  aoae  useful 
basic  properties  encouraged  by  the  definitions.  Xhese  oonoepts  were  developed 
in  the  course  of  the  analysis  of  quadratic  differential  equations  aentioned 
earlier  [Id]  to  which  the  reader  is  referred  for  a  lengthier  discussion  aa 
well  as  aoae  of  the  aore  technical  proofs. 

2  2x2 

A  nolnt  and  a  aatrix  will  refer  to  eleaenta  o{  1  »  and  1 
respectively,  both  considered  as  vector  spacee  over  X.  If  a  and  b  are 
points,  then  [a  b]  will  denote  the  aatrix  whose  first  and  seeond  col  cans  are 
given  by  the  coordinates  of  a  and  b,  respectively.1  If  Cvj,...,va)  c  ▼  are 
eleaenta  of  a  vector  apace,  then  let  <vj  ...  va>  denote  their  linear  span.  A 
line  is  the  span  of  a  single  eleaent,  <Vj>,  and  a  raw.  <Vj>+,  denotes  the 
set  {avIacM*}.  If  {A^.....^}  is  a  collection  of  aatrieea,  then  (A^,...,^)! 
denotes  the  set  of  points  whose  i**  eleaent  is  AjX. 

Defining  the  skew  synaetric  aatrix, 

» 4  b  -a 


1We  will  generally  denote  scalars  by  lower  ease  greek  letters,  points  by 
lower  case  roaan  letters,  and  aatrieea  by  upper  case  roaan  letters. 


T  Tii 
tad  y  *1  •  y  J*  «  Is.yl, 


we  hart  ^  ^  Jz,  tka  orthogonal  coapleaent  of  z, 

where  tka  last  syabol  daaotaa  tka  deterainant  of  the  aatrix  [x  y] .  Lot  Ag 

T 

daaota  the  syaaetric  part  of  the  aatrix  A.  If  A  ia  aingnlar  than  A  ■  ab  for 
aoaa  a*  b  a  l2,  and  if  A#  ■  P,  than  x^Px  ■  0  if  and  only  if  x  ia  orthogonal 
to  aithar  a  or  b  -  i. a.  xs<a*>  IT  <bj>.  Olvan  a  aatrix  A.  tha  eona  aanaratad 
bv  A.  ia  tha  aat  {xsX  I  x  Ax  >  0}  and  ia  danotad  Co  (A).  The  eona  of  an 
indafinita  symatrie  aatrix  evidently  eonaiata  of  tha  sat  of  lines  lying  in 
be twee an  its  two  zero  linee  which  are  defined  to  be  tha  lines  whose  points 
satisfy  tha  equality  x^Ax  ■  0. 

2X  2 

For  ease  of  discussion  wa  divide  X  into  three  elaaaaa  baaed  upon 
spectral  properties  as  follows:  a  aatrix  is  said  to  be  nodal  if  it  has  at 
least  two  distinct  real  eigenvectors;  critical  if  it  has  an  eigenvector  of 
aultipl icity  two,  and  a  unique  eigenspaoe;  or  focal  if  it  has  no  real 
eigenvectors.  Since  lAx.xl  ■  0  if  and  only  if  x  is  an  eigenvector  of  A,  that 
aatrix  is  fooal.  critical,  or  nodal  if  and  only  if  lAx.xl  is  sign  definite, 
siai-dif laitt,  or  imdofiaito,  rospoctiToly*  Siaoo  lAx,x|  ■  x  JAi«  tko 
identical  sign  conditions  on  [JA]g  specify  whether  A  is  focal,  nodal,  or 
critical  as  well.  Notice  that  e  is  an  eigenvector  of  A  if  and  only  if  [JA]g  ■ 
[eAaTlg  for  soae  a  eX2.  Soae  further  properties  of  aatriees  are  presented  in 
the  Appendix  .  and  referred  to  as  "facts*'  throughout  the  paper.  Ihe  trace  of 
a  aatrix  A  will  be  denoted  tr(A).  The  transposed  cofactor  aatrix  defined  by  A 
will  be  denoted  A#  A  JTATJ. 

2V  * 

Given  the  aatrix  pair.  (A.D).  its  pencil  is  ths  affine  line  in  X 
given  as  A+|iB  where  psX.  Let  If.  Ig.  IB»  denote  the  subsets  of  X  on  which  a 


course  this  deterainant  vanishes  everywhere  for  the  identity  aatrix. 


pencil  tiku  focal,  critical,  or  nodal  nlwi.  respectively.  Vo  have  tk« 


following  characterisation  of  a  pencil  on  IB  and  I#. 

'  —  *  T  Define  p(z)  A  -  and  X(z)  ^ 

2 

for  all  points  ia  1  ,  z  is  an  eigenvector  of  i^|i(z)D  with  eigearalu 
given  bp  X(z)  [16]. 


In  keeping  vitb  oar  intent  to  relate  tbeee  resalts  to  tke  ezisting 

nonlinear  eontrollablitp  liter atvre.  we  nentioa  that  tke  Lie  Alta bra 

generated  bp  tke  aatricoe  1,9,  denoted  [A,D)t.a  (in  tke  notation  of  [4]).  ia 

2  v  j 

tke  analleat  linear  aabapace  ia  ■  containing  A,  D>  and  closed  ander  tke 
lie  bracket  [1] ,  a  natriz  prodnet  defined  bp  [X,T]  &  Xf-IX  .  Recent  work 
[10,  12]  indicates  tkat  an  abstract  test  for  tke  eoatrollabilitp  of  certain 
nonlinear  spstens  nap  be  effected  asing  tke  Lie  Algebra  generated  bp  tkeir 
defining  veetor  fields.  Ikese  conditions  are  designed  to  ekeek  when  tke 
"drift  tern"  (  analogoas  to  tke  veetor  field  Ax  in  enaction  (1))  allows  tke 
field  to  be  pointed  into  eitker  of  two  kalf  spaees  defined  bp  a  hpper ear face 
ia  X*  containing  tke  redneed  degrees  of  freedoa  available  to  direct  control. 
Ia  oar  problem,  this  hpper car faoe  is  sinplp  the  phase  carve  of  the  LIT  spstea 
defined  bp  tke  natriz  D,  hence  a  similar  test  eaa  be  effected  with  no  appeal 
to  Lie  Algebras. ^ 

Instead,  we  resort  to  standard  notions  fron  the  theory  of  differential 
conations.  Defining  the  differential  e^aatioa 


i  ■  f(x,r)  zsX 


(2) 


Note  the  distinction  between  oar  problsn  and^ tkat  posed  ia  [12] :  we 
consider  all  henogeaeoas  bilinear  spstens  ia  X  -{0}  while  the  latter 

considers  nonsingalar  aaalptie  vector  fields  on  a  sinplp  connected  donsia  of 


let  f  be  analytic,  aad  denote  the  integral  curve  through  a  point  Xq  at  the 
tines  I  c  K  as  ^{Dzq,  We  will  say  that  a  subset*  S  f  X  is  oalled  a 
positive  Invariant  set  of  systea  (2)  if  for  any  xeS,  the  future  trajectory, 
if{K+}x  is  contained  in  S.  Clearly,  a  bilinear  systea  possessed  of  a  set 
which  reaains  positive  invariant  for  any  ehoice  of  u  is  not  eontrollable.  To 
test  for  positive  invariance,  it  suffices  to  investigate  the  effect  of  the 
field  vector  at  the  boundary  of  a  set.  In  order  to  talk  about  boundary  curves 

and  interiors  algebraically  ve  will  find  the  following  concepts  helpful. 

2  4 

Let  C  be  a  saooth  connected  curve  in  1  ,  with  forward  direction 

specified  by  tangent  vector  t(x),  such  that  I  t(x)  I  ■  1  at  every  xsC.  Then 

the  noraal  of  C  at  x  is  denoted  n(x)  ■  +  Jt(x)  and  F(x)  «  [t(x)  n(x)]  is 

oalled  the  f raae  of  C  at  x.  Specifying  the  sign  of  n(x),  fixed  fox  all  xsC, 

detemines  an  orientation.  When  the  need  to  distinguish  the  tangents, 

noraal e,  and  fraaes  of  distinot  curves  arises,  we  will  write  tgfc),  aad  so  on 

w,  2 

for  n  and  F.  If  S  is  an  open,  proper,  siaply  connected  subset  of  K  with 

saooth  boundary, 9S,  then  the  externally  oriented  fraae  of  S  is  the  fraae  (or 

set  of  fraaes  if  dS  is  not  connected),  F,  with  orientation(e)  ohosen  such  that 

for  all  xsdS,  x  +6n(x)  4  S  when  ft  >  0  is  arbitrarily  snail.  Given  a  curve,  C, 

with  fraae,  F,  and  a  vector  field,  f,  we  will  say  that, f  has  a  fixed 

T 

orientation  with  respect  to  C  if  the  inner  pxoduot  f(x)  n(x)  is  sign  definite 
or  seai-def inite  for  all  x  •  C.  The  following  siaple  results  are  stated 
without  proof.  Although  aerely  a  consequence  of  the  foregoing  definitions, 
they  are  of  eentral  iapoxtanee  in  the  sequel. 

Proposition  2.2;  If  the  vector  field  in  (2)  has  a  fixed 


Foxaally,  C  is  the  iaage  of  soae  real  interval,  I,  under  the  saooth  napping 
x:I  — >C,  and  the  forward  direction  in  C  is  specified  by  the  ordering  of  I. 


2 

orientation  with  respect  to  a  aaooth  out*  C  c  K  ,  than  theca  la  no 
xsC  and  x  >  0  aneh  that  i£{(*^,v)}x  eontaina  points  on  either  side  of 
C. 

Coroll err  2.2.1:  Let  8  be  an  open,  proper,  aiaply  connected, 

2 

aaoothly  bonded  subset  of  X  ,  with  externally  oriented  frane, 

F-[t  n].  If  f  has  fixed  orientation  with  respect  to  88  then  either  8 
or  its  eoapleaent  is  positive  invariant  under  systea  (2) 

3.  Complete  Controllability. 

Call  a  systea  ooaoletelv  controllable  if  say  point  in  the  state  space 

nay  be  steered  to  any  other  point  in  finite  tine  by  an  appropriate  control 

action,  t(t).  Since  the  state  spaee  of  systea  (1)  ,  X2-{0}»  is  not  siaply 

connected,  it  is  clear  that  eonplete  controllability  nest  entail  an  ability  to 

2 

transfer  a ay  ray  to  any  other  ray  of  X  .  If,  in  addition,  radial  control 
-  the  ability  to  novo  toward  the  orifin  or  away  fran  the  origin  on  a  given  ray 
~  is  available,  then  it  is  reasonable  to  expect  that  eoaplete  control lability 
holds.  This  section  is  devoted  to  the  foraal  verification  of  such  intuitive 
seasoning. 

2 

TVo  observations  concerning  LTI  systeas  in  X  provide  crucial  insight 
into  this  problea.  First,  a  foeal  linear  systea  has  integral  enarves  which 
pass  through  every  ray  on  the  plane.  Clearly,  if  the  range  of  the  pencil 
includes  a  foeal  value  at  aoae  |iQsX,  then  systea  (1)  transfers  any  ray  to  say 
other  ray  on  the  plane  in  finite  tiae  for  u  =  hq.  The  iaportaaoe  of  foeal 
peneil  values  will  be  deaonstrated  in  Proposition  3.1,  below.  Bowever,  as 
eonjectured  above,  this  is  not  enough:  the  following  systea  has  the 
accessibility  property  and  its  pencil  adaits  focal  values,  yet  it  is 


controllable 


Example  1 


*  -  [o  iy  ♦  41  ik 

Second,  a  nodal  linear  system  has  radially  invariant  integral  carves  (on 
the  eigenvector  lines)  whose  forward  direction  is  specified  by  the  sign  of  its 
eigenvalues:  these  nay  be  arbitrarily  chosen  when  the  systea  is  controllable. 
In  the  present  context,  while  an  (A,D)  pencil  evidently  leeks  the  necessary 
degrees  of  freedom  to  take  arbitrary  eigenvalues,  the  ability  to  assign 
eigenvalues  with  both  positive  and  negative  real  part  over  a  particular 
interval  will  be  a  crucial  factor  in  the  controllability  behavior  of  system 
(1).  If  I  £  M,  we  will  say  that  a  pencil,  A*|iD,  enjoys  the  stability 

w  oner  tv  over  I.  or  is  aaslsnable  over  I.  if  it  has  both  stable  and 
unstable  eigenvalues  as  |i  ranges  over  I. 

With  this  motivation  in  mind,  we  may  state  sufficient  conditions  for 
controllsbil ity. 

Proposition  3.1:  If  the  pencil  A+pD  attains  foeal  values  and 

has  the  stability  assignment  property  over  X  then  system  (1)  is 
completely  controllable. 

Proof:  Fix  any  a  ■?-«)}.  Let  the  pencil  be  foeal  at  p^  so 

2 

that  for  u(t)  =  pq,  the  system  reaches  any  ray  is  X  in  finite  time 
from  any  initial  condition. 

If  m  is  the  natural  frequency  of  A+PqD  then  let  2n,  and 
define  the  spiral  curve  Cj  A  or  ihC^) tl-w.ODxi 

depending  upon  whether  x^  is  a  source  or  destination  point.  defines 
a  bounded  region,  c  containing  the  origin  and  containing  (or 
excluding)  the  point  Xj  for  one  (or  the  other)  index  assignment.  Let 
us  suppose  that  «1«X2'  h9n9*  *2^*  With  no  loss  of  generality,  we 
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will  consider  only  the  case  that  A+|1qD  is  unstable,  since  the 
alternative  oase  has  an  identieal  proof.  Under  that  assumption,  and 
sinee  the  pencil  has  the  stability  assignment  property  on  X,  it 
either  includes  saddle  values  -  i. e.  with  negative  deters inant  -  or 
totally  stable  values. 

In  the  former  case,  if  lA+|i]D|<0  for  some  p^sK,  then 
^h()i^){^Ozl  runs  through  and  intersects  the  previously  constructed 
spiral  C2  at  two  points,  a  and  b,  such  that  i^,^)  the  forward 

solution  of  system  (1)  for  u  =  starting  at  a,  passes  through  Xj  and 
then  b  (see  Figure  l.a).  Evidently,  choosing  u  to  be  one  value  of  |t 
and  then  the  other,  for  an  appropriate  length  of  time  will  transfer  x^ 
to  Xj,  or  vice-versa. 

In  the  latter  case,  ik(  )  {K}xj  is  a  curve  through  x^  connecting 
the  origin  with  the  point  at  infinity,  hence  must  intersect  the  spiral 
CA  at  a  single  point,  a.  To  bring  to  xj,  travel  on  C2  to  a,  using 
u=|1q,  and  then  on  C*+Jn  to  x^,  since  AtpjD  is  stable  and  x^ 

lies  in  between  a  and  the  origin  on  that  curve.  To  bring  x^  to  X2» 
travel  away  from  the  origin  on  }^(  j  IX  }xj  until  leaving  the  compact 
set  >2'  *Aich  must  occur  at  finite  time  since  A+|IqD  is  unstable. 


Continue  on  this  trajectory  until  the  reaching  a  point 
as  }xj  -  >2*  apply  uBg^  to  travel  from 


a  to  x.  on 


(X  }a  (see  Figure  l.b). 


In  fact,  as  intuition  would  suggest,  the  conditions  of  Proposition  3.1 
ire  necessary  for  controllability,  and  we  will  devote  the  rest  of  this  seotion 
:o  the  demonstration  of  that  result.  To  do  so,  we  require  a  more  algebraic 

iharacterixation  of  when  those  conditions  fail.  For  both  the  assignability 
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aad  fooal  properties,  such  s  character is st ion  leada  almost  immediately  to  the 
desired  results. 

I-— «■«  3.2;  The  pencil  A  +  jiD  does  not  enjoy  tke  stability 

assignment  property  over  X  if  and  only  if  D  kas  pare  imaginary 
T 

eigenvalues  and  [D  JA]S  is  sign  definite  or  semi-definite. 

Proof:  If  D  kas  eigenvalues  with  non-zero  real  part  tken  either 

trU>}fO  or  |0 1 <0.  In  tke  former  eaae  tr{A+pD}  evidently  ehanges  aign 

for  psK,  vkile  in  tke  latter  lA+pD|  *  I A I  +  ptrlO^A}  +  |i2|d|  (from 

Fact  1.1)  evidently  takes  negative  values  for  large  enough  |i.  Both 

situations  imply  assignability,  kenoe  that  property  fails  only  when  D 

kas  eigenvalues  on  tke  imaginary  amis  in  tke  oomplez  plane. 

In  that  case,  sinee  tke  pencil  is  not  assignable  on  If  U  Ic,  tke 

property  holds  on  X  if  and  only  if  it  holds  on  Ig.  From  Lsmms  2.1 

this  is  equivalent  to  tke  condition  that  l(x)  ^  change  sign 

on  X2.  Them  lDx,xl  is  sign  definite  this,  in  turn  is  equivalent  to 

tke  eondition  that  I  Ax,  Dx  1“  xV^JAx  change  aign  on  X2  -  i.  a.  that 
T 

[D  JA] %  is  indefinite.  If  D  kas  pure  imaginary  eigenvalues,  then 

X 

|Dx, x|  is  indeed  sign  definite  unless,  for  some  point  d,  IH[dd*], 

kenoe  [DTJA]#  »  [d^d^A]#  and  X(x)  *  dJ.Ax/d^x.  Ibis  functional  changes 

T  T 

sign  if  and  only  if  d^A  i  <d^>  which  is  equivalent  to  tke  eondition 
that  [DTJA],  be  indefinite. 

0 

Given  this  understanding  of  stability  assignment,  its  necessity  for 
complete  eontrollability  is  quite  easy  to  establish.  The  reader  may  note  that 
tke  following  proof  is  equivalent  to  a  stability  argument  using  tke  Lyapunov 


function,  v 


If  ▲  +|d>  does  not  hivt  the  stability 


assignment  property  then  (1)  is  not  completely  controllable. 

Proof:  If  the  pencil  ia  not  assignable  then  aeoording  to  L earns 

T  T 

3.2  D  has  pare  imaginary  eigenvalues,  and  [D  J]#  ■  D  J  (  from  Fact 
1.2)  is  sign  definite  (sesame  positive  definite  with  no  loss  of 
generality).  Defining  v(x)  ^  x^D^Jx  yields  a  set  8  ^  v  *[0,y]  (y  is 
any  positive  oonstant)  whose  external  frame  is  given  by  F(x)  -  [Dx 
JDx]/lDxl.  for  all  xsdS.  Hence  n(x)^h(x,u)  ■  -  (JDx)T[A  ♦  u(x)D]/KDxN 
■  x^[DTJA]sx/HDxI  which  mast  be  definite  or  semi-def inite.  again 
according  to  the  lemma  above,  and  the  field  has  a  fixed  orientation 
with  respect  to  38. 5  Thus,  by  Corollary  2.2.1,  S  is  positive 
invariant,  and  the  system  is  not  controllable. 

m  — — 

0 

Similarly,  once  we  characterise  the  algebraic  relations  on  the  pair  (A,D) 

which  prevent  its  pencil  from  attaining  focal  valaes,  the  neeesaity  of  this 

condition  becomes  apparent  as  well.  It  is  interesting  to  mote  that  the  ability 

to  attain  focal  values  is  intimately  related  to  the  conditions  for 

2 

surjectivity  of  a  quadratic  map  from  1  to  itself.  This  may  be  seen  as 
follows.  According  to  Lemma  2.1  the  image  of  the  map  |i(x)  ^  specif iee 

the  subset  of  S  on  which  an  (A,D)  pencil  takes  real  eigenvalues.  Clearly,  a 
pencil  has  no  fooal  values  if  and  only  if  p  -  the  ratio  of  two  quadratic  forms 
-  is  eurj active.  This  ratio  maps  lines  in  the  plane  into  the  real  lime,  and 
the  conditions  under  which  it  is  surjective  may  be  given  as  follows. 

* Equivalently,  v  is  a  Lyapunov  function  with  definite  or  semi-definite 
derivative  v  ■  nh 


Leans  3 .4 :  The  ratio  of  two  qaadratic  font.  |t(x)  -  x^Hx/  xTG* 
is  saxjective  oa  X,  if  and  only  if  both  G  and  E  art  indefinite  and 
either 

(i)  their  distinct  xaro  linaa  alternate  aroand  the  plana:  i.a.  x*Hx  ■ 

0  baa  a  aolation  both  in  Co(G)  and  Co(-G),  and  wiea 
▼axaa. 

ox 

(ii)  they  share  a  xaro  line  in  ooaaaon 

Proof:  g  is  sarjactiwa  if  and  only  if  the  pencil  (G.H)  baa  no 
sign  definite  walaos  -i.a.  if  and  only  if  x^lG  ♦  oH]x  -  0  baa  a 
non- trivial  aolation  for  every  sal.  Thia  is  eqaivalent  to  the 
condition  that  0  1  Ig+oH|  -  |G|  ♦  a2lEl  ♦  etx{G*H}  according  to  1.1. 
The  latter  inplies  that  lol  and  til  mat  be  negative,  and  ainoe  each 
is  symetxic.  this,  in  tarn,  inflies  that  6  and  I  are  indefinite;  that 
all  cones  Co(lG)  and  Co(±D  are  nonrenpty;  and  that  there  exiat  f oar 
points.  a1.a2»d|.d2»  which  define  the  two  sero  linos  of  6  and  I. 
respectively  (eee  section  2):  G*  •  [ajSj1],,  and  ^  ■  (d^djlg* 
Defining  K  A  djl.  we  have  |l|2|0+oH|  * 


IRT[0*-oH)E|  A 

r 

d2T[GfoH]d1  1  I 

L  d1T[OfoH]d2 

42T(Bd2  J  1 

-(d11Gd1)(d2TGd2)  -  (d2T[G«>aH]d1  )2  thas  it  is  saffieient  that 
(d^Gd^Hdj^l^)  £  0  to  ins are  |Sf«l|  £  0  for  all  a.  It  is  also 
necessary,  since  Ig+oHI  -  (d1T6d1)(d2TGd2)  for  a  -  (d2TGd1) /(d^dj)  - 
(dj^GdjJ/tdj^ld^**  Since  dj  end  dj  are  the  sero  lines  of  H»  the 
condition  that  (d^GdjHd^Odj)  <  0  inplies  <i),  above,  while 


(d^GdjHdj  6dj)  -  0  implies  (ii) 


The  ruder  should  mots  that  csss  (ii)  occurs  only  is  a  degenerate 

•itaatioa  where  both  numerator  aad  daaauiaatox  of  |t(z)  shara  a  common  liaaar 

T  2 

factor,  a  s.  Dafimiag  a  quadratic  sap  f  real  X  la  to  itaalf  based  upon  the 

functional  p, 

•w * 

it  is  clear  that  in  this  degenerate  ease  there  is  ease  matrix,  B,  such  that 
T 

Q(x)  »  e  xBx.  Such  a  nap  is  never  surjective.  Using  further  insights  frem  tl 
previous  leans,  ve  have  the  following  interesting  result. 

* 

Corollary  3.4.1:  Q  is  surjective  on  1  if  aad  only  if  the 
quadratic  fonts  xTflx  and  x^Bx  hays  no  eeaaon  factors  aad  g  is 
surjeetiye  on  K. 

Proof:  The  condition  that  xT(G+oH)x  ■  0  have  a  non- trivial 
solution  for  all  nils  equivalent  to  the  condition  that  Q(x)  a  <y> 
for  every  point  y^  [J],  and  this  is  equivalent  to  the  surjectivity  of 
p  according  to  the  previous  laaaa.  Since  Q  is  homogeneous,  i.e. 
Q(Xx)-X2Q(x)  for  any  scalar  1,  the  assumption  Q(x)s<y>  and  x*  0 
implies  <y>+  is  in  the  image  of  Q,  Bence  it  suffices  to  find  the 
conditions  under  which  for  every  choice  of  y  with  Q(x)  s  <y>,  there 
exists  another  point  in  the  pre-image,  of  <y>,  s,  such  that 
Q(x)c<-y>+. 

T 

Clearly  if  Q  ■  e  xBx  for  seme  point  c  aad  matrix  B  then  Q  cannot 
he  surjective,  hence  it  is  necessary  that  6  and  H  have  no  common 
linear  factors.  In  the  proof  of  the  previous  lemma  it  was  shown  that 
under  these  hypotheses,  9  ♦«■  is  similar  to  an  indefinite  symmetric 


matrix  «hou  diagonal  tarns  hart  opposite  sign  under  the  ohange  of 
basis  given  by  the  zero  linos  of  E,  ^[d^  dj]  (which  is  indeed  a  basis 
sines  |H|  <  0),  regardless  of  the  ehoiee  of  a.  It  is  easily  seen  that 
the  two  distinct  zero  lines  of  sneh  a  matrix*  <x>  and  <z>,  lie  in 
opposite  qsadrants*  henoe  the  zero  lines  of  G+aH  lie  in  opposite 
H- cones  -  i.e.  xsCo(H)  implies  zsCo(-H)  -  and  the  desired  resnlt 
follows. 

0. 

Cor oil arw  3. 4 Jli  in  (A.D)  pencil  has  no  focal  walmes  on  ft  if 

and  only  if  the  qnadratic  map  ia  snrjeetiwe  or  has  the 

r 

"degenerate  strnetnre"  (KsH  xBx  for  some  point  c  and  matrix  B. 

Proof:  Defining  *  and  1^[JD]-*  Q(x)  may  be  written  as 

X 

[S3-  From  Lemma  2.1  the  pencil  has  focal  walnes  if  and  only  if  p  is 
not  snrjeetiwe*  and  the  resnlt  follows  from  shore. 

0 

The  geometric  interpretation  of  this  resnlt  is  that  an  U*D)  peneil  fails 

to  hare  focal  raises  only  when  A  and  D  share  an  eigenreetor  or  their 

eigenvectors  are  "interwoven"  on  the  plasm.  In  the  former  ease  it  is  clear 

that  sneh  a  line  is  positire  invariant  nnder  system  (1)  for  any  choice  of 

n.  le  will  show  in  Proposition  4.1  that  this  "degenerate"  sitnation  is  exactly 

2 

the  condition  nnder  which  the  Lie  Algebra  generated  by  {A»D}  does  not  span  ft* 
at  every  point.  Is  the  latter  ease  we  find  that  one  of  the  cones  defined  by 
the  eigenvectors  of  D*  Co(JD).  is  positire  invariant.  This  nay  be  shown  as 
follows. 


:  If  the  pencil  Af|iD  has  no  focal  raises*  then 
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2 

lyitn  (1)  i*  not  completely  controllable  on  1  -{0) . 

Proof:  According  to  tbe  3 .4 and  ita  corollaries,  if  the  pencil  is 

never  focal  then  both  A  and  D  are  nodal,  and  lAx,x|  bas  opposite  sign 

(or  is  aero)  on  tbe  two  distinot  eigenvectors  of  D,  dj  and  d2>  Tbe 

T 

matrix  [ JD] g*  [d^d^j.  ]g  is  indefinite,  benoe  Co(JD)  bas  an  open 
interior  and  possesaes  a  set  of  fonr  externally  oriented  frames. 

Since  its  boundary,  dCo(JD)  ■  <dj>  U  <d2>  -  {0},  is  disconnected, 
these  are  given  by* 

F«±d1>+)  -  ±  [dl  (-1) lJd1]  for  i-1,2. 

Since 

n^b  -  (-l)id1TJTU^nD]d1  -  -(-l)ilAdi,dil 

on  ICo(JD)  it  follows  that  b  baa  a  negative  definite  or  semi-definite 
orientation  vitb  respect  to  either  Co(JD)  or  Co(-JT» .  System  (1)  is 
aot  controllable. 

0 

Taken  together,  tbe  three  propositions  of  this  section  provide  a  proof  of 
tbe  central  result. 

Theorem  1:  System  (1)  is  eompletsly  controllable  on  X2-(0}  if 
and  only  if  tbe  pencil  A+pD  attains  focal  values  and  bas  tbe  stability 
assignment  property  over  K. 

This  result  bas  a  computationally  more  useful  formulation  as  follows. 


6. 

Vs  assums,  vitb  no  loss  of  gsnsrality  that  both  eigenvectors  bsvs  unit 
norm,  and  that  both  bavs  tbs  same  orientation  -  i.e.  Id^.d^l  >  0. 


Cor  oil  arr  3 .5.1:  System  (1)  is  eonpletely  controllable  if  sad 
only  if  both 

(i)  trCD}  *  0  or  |D|  <  0  or  |[DTJA]gl  <  0 

and 

(ii)  if  e£(JA]g  sad  B&[JD]g,  thoa  III  2.  0  or  |G|  2  0  or  lufrelj  <  0 
hold 

Proof:  Ths  first  eoaditioa  follows  fron  1  —a  3.2  diroetly.  Iho 
soeoad  eoaditioa  is  a  rsststoasat  of  ths  aseossity  of  the  pencil 
sttainiag  foeal  Talaes:  A+|»D  is  foeal  if  sad  oaly  if  |9+|iD|  ■  lo I  + 
p2lH|  +  jitr{H*G}  >  0  for  sons  |i  s  1.  This  is  possible  if  sad  oaly  if 
either  |H|  2  0  or  Ifil  2  0  or  tr(B^B)2  -  4|GB|  >  0  where  the  last 
inequal  ity  is  equivalent  to  I  I^JG]  gl  <  0  aeeordiag  to  Fast  I.S. 

0 

4.  lei a ted  Motions  of  Controllability 

The  eonplesity  of  aoaliaear  systaas  aeeessitates  an  atteapt  to  define  sad 
stady  a  variety  of  diatiaet  control  behaviors  which,  ia  the  LIT  setting  are 
all  swbswned  within  the  question  addressed  ia  the  foregoing  section:  the 
ability  to  reach  the  entire  state  space  fron  say  point.  Ia  this  seetioa  we 
eoasider  a  awnber  of  saeh  related  behaviors  whose  properties  are  easily 
handled  by  techniques  already  developed  above.  We  proceed  fron  sene  weaker 
notions  -  definitions  of  local  eontrollhbility  at  a  point  which  nay  hold  even 
when  eonpl etc  eoatr oil ability  fails  -  to  stronger  notions  of  control  ability. 

The  weakest  of  these  is  a  property  first  intredneed  within  the  older 
realisabilty  literature  n anti one d  in  the  introduction,  and  long  known  to  be 
necessary  for  eonplete  controllability,  k  control  systen  is  said  to  have  the 
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acccaalbllltr  property  (or*  to  bo  tecmilblt  )  if  the  sot  of  rssebsblo 

points  bss  s  non- sap ty  interior  in  tbs  stste  spsee  [23] .  It  is  veil  known 

[22]  tbst  tbs  seoossibility  property  bolds  if  sad  only  if  tbs  Lis  Algebra 

generated  by  tbe  admissible  rector  fields  (indexed  by  tbe  range  of  n)  of  s 

oontrol  system  spans  tbe  tangent  space  at  erery  point  of  tbe  state  space.  In 

2 

our  ease  tbis  is  equiraleat  to  tbe  condition  tbst  <(A,D}TJtx>  *  X  for  all 
points  x.  Tbe  set  of  bemogeneoms  bilinear  systems  in  Xm  wbieb  satisfy  tbe 
accessibility  condition  bare  been  classified  by  Bootbby  [3] >  but  we  prefer  to 
stste  sad  dorire  tbe  same  result  for  X2  using  language  appropriate  to  tbis 
study. 

ftr  quo  sit  ion  4.1:  System  (1)  is  accessible  if  and  only  if 

matrices  A  and  D  bare  mo  eigemrectors  in  common. 

Proof:  It  suffices  to  show  tbst  < (A,D}tJtx>  ■  X2  for  all 
points*  x*  ifA4<D>,  and  A  and  D  bare  no  eigenvector  in  common.  Tbe 
converse  -  i.e.  if  Ax  s  <x>  and  Dx  s  <x>*  at  some  point  x*  or  if 
As<D>,  then  (Ax.Dx}^  does  mot  span  X2  -  is  trivially  true. 

Suppose*  then*  that  Ac  ■  o^g*  Do  ■  t|g,  and  1  ■  [c  g]  has  full 
rank.  Then 


A  *  l”2AR  * 


®  A  l^Et  A 


TI75T-[a,d]  A 


*2 

6s 

I  0,1^6,  •2»i“>1*2 


-1X- 


Sinoe  o-[J],  ud  g«[J],  we  hire  [A,D]cs<g>  if  and  only  if 

[SMbj]*  "kick  we  now  assone,  Not*  that  [A,D]  »  y^A  +  rj®  if  ud 

*2  2 

only  if  T  *  "  Tj/ti  ■  *3/03  which  ia  equivalent  to  tha  condition  that 
As<D>,  hanea  wa  fnrthar  auaa  that  [A»D]f<A*D>. 

If  four  na trices  span  2  ,  i.a.  if  <A*B*C*D>  -  *2X  2,  than 

2  2 
thair  values  at  any  point*  z,  nut  span  X  :  <Ax,Bx,  Cx,Dx>  ■  K  . 

Sinoa  din  <A,D, [A*D]>  ■  3*  it  now  anffieat  to  show  that  tha  nazt  ordar 

br achat  in  tha  Lia  Algebra  generation  proeass  yialda  an  indapandant 

natriz.  This  follows  f ran  inspection:  [D, [A*D]]s<A*D, [A,D]>  if  and 

only  if  “  0  which  inplias  0^03  “  0  since  [j1]  s  <[£*]>,  hanea* 

2  *2 

iff  k  ul  D  liar*  ia  •i|fBTfotor. 

0 

Given  an  LTI  systan*  tha  test  for  tha  accessibility  property  radneas  to 
tha  faniliar  rank  condition  on  tha  controllability  natriz.  How aver,  in 
general*  as  wall  as  for  systan  (1)*  tha  ability  to  reach  an  open  sat  in  tha 
state  space  f ran  an  arbitrary  point  does  not  encoapass  a  swffieiently  powerfnl 
notion  of  controllability.  The  reader  nay  note  that  tha  conditions  for 
accessibility  are  azaotly  those  which  gnarantee  against  tha  "degenerate 
structure”  arising  in  Leona  3.4  and  its  corollaries.  Sinple  ezanples  of 
accessible  bilinear  systems  which  are  not  oontrollabla  haws  bean  given  in  tha 
1 iterators  [4]  and  wa  offer  tha  following. 

Bzanple  2. 

‘  -  B  -?>  *  •[?  lb 

A  nor a  raaaonabla  local  condition  wonld  be  one  which  insnres  that  any 
point*  posesaed  of  an  open  reachable  sat*  be  contained  within  tha  interior  of 
that  sat.  Call  aach  a  point  locally  controllable.  Va  relegate  to  a  later 


paper  th«  iibautiT*  study  of  this  property  for  systoa  (1)  since  it  loads  to 

7 

sa  investigation  of  reachable  sots  when  eoaploto  controllability  foils  .  That 
study  is  found  to  bo  elosoly  allied  to  a  still  stronger  local  oonoopt.  Frost 
Proposition  3.1  it  is  apparent  that  otos  given  a  completely  oontr oil able 
systoa.  reaching  a  nearby  point  in  the  state  space  nay  first  necessitate  a 
eoaploto  excursion  around  the  origin  in  the  opposite  direetioa.  It  is  useful 
to  inquire  as  to  when  any  nearby  point  aay  be  reached  by  a  trajectory  vhioh 
reaains  "near by".  This  notion  has  appeared  in  various  guises  in  the 
literature:  as  "local- local  controllability"  [91;  as  "looal  controllability" 
[Si;  as  "snail- tine- local  controllability"  [24].  The  last  concept  does  not 
capture  the  behavior  of  interest  in  this  setting:  since  ve  are  permitting 
arbitrarily  large  valuee  of  the  control  input,  u,  for  any  point  xq«  we  nay 
reach  points  arbitrarily  close  to  ip(M*)x0  in  an  arbitrarily  snail  tine.  That 
curve  nay  be  unbounded,  thus  it  is  clear  that  trajectories  permitted  by  sueh  a 
definition  would  not  necessarily  remain  "nearby"  xq  in  aay  sense  of  the  word. 
The  seooad  conflicts  with  our  prior  notion  of  looal  controllability,  leaoe  vc 
will  adopt  the  first  of  these  and  say  that  a  point,  x.  is  local- looal lv 
control labia  if  it  ia  looal ly  controllable  and  points  in  aay  neighborhood  asy 
be  reached  using  trajectories  rsnaiaimg  in  that  neighborhood.  The  conditions 
for  a  point  to  satisfy  this  requirsaeat  are  given  as  follows. 

Proposition  4.2:  ▲  point,  Xq,  Is  local- locally  controllable 

under  systoa  (1)  if  and  only  if  IDxq.XqIiK).  and  for  aay  neighborhood 
of  Xq.  N.  the  pencil  of  (A.D)  is  stability  assignable  on  |t(N)  where  p 
ia  the  functional  |t(x)  ^ 

7 

of  course,  the  property  holds  trivially  at  every  point  when  a  systen  is 
coapletely  controllable 
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Proof:  Siaos  k(N)cIb  U  Ic,  tki  foraulss  of  L«ai  2*1  giro  tk« 
•igimlMi  and  sigsavsetors  of  tl*  psaeil  oa  that  iavsrval: 
assigasbility  kolda  oa  p(N)  if  sad  only  if  the  signer also  functional, 

XU)  -  -Urtf  ehsagos  siga  oa  g(N) .  Bat  if  IDiqiSqIM  thoa  X(M) 
chaagts  siga  if  sad  oaly  if  Uxq.DzqI  ■  0  sad  lAx.Dzl  ohaagss  siga  oa 
mty  asighborhood  of  <Iq>. 

Nov  as sobs  ths  hypothssis  doss  aot  hold.  If  |Ax»Da|  is  dsfiaits 
or  ssai-dsfiaits  oa  saall  saoagh  asighborhoods  of  <1q>.  Oivsa  a  fizsd 
s  >  0*  ths  oa *vs  iD((-s,s))z0  diseoaasets  say  saall  asighborhood  of 
Zq.  N.  Siaos  ths  frssis  F(  ipl (-s.a)}x0)-  [Da  TDz]/|Dx|.  vs  havo 
h(x,u)Ta(x)  -  lAx.Dzl  dsfiaits  or  ssai-dsfiaits  for  a  s  ^{(-t»t))ag 
sad  all  a.  Isass  h  has  a  fiasd  orisatstioa  oa  1^{(-s.s))xq.  sad  ao 
trsjsetory  of  systaa  (1)  saa  eross  that  sarvs  iasids  N  assordiag  to 
Propositioa  2.2  -  ag  is  aot  looal-losally  soatrollabls.  If  Ida. Da I 
ohaagss  siga  oa  ovary  asighborhood  of  Zq*  thsa  IAzq.Dxq  I  >0.  Ia  this 
sass.  if  IDzq.Zq]  ■  0,  thoa  Zq  is  aa  sigsavsotor  of  both  A  aad  D,  aad 
<ag>  is  positivs-iaraxiaat. 

Coarsrssly.  assaas  ths  hypothssis  holds.  Chooss  say 
asighborhood. N,  sad  for  saall  s  >  0.  1st  y  ^  ±  sJzq  s  N.  Siaos 
hy(|»(y))  ■  X(y)y,  ths  stats  aay  bs  stssrsd  radially  or  radially  dova 
oa  oas  sids  or  ths  othsr  of  Zq  for  rays  <y>  ia  arbitrarily  saall 
asighborhoods  of  <Zq>.  Siaos  |DzQ«ZQld0.  ^{(-6,6))z0  iatsrsssts 
svsry  sash  rsy.  Isass.  ohoosiag  arbitrarily  largo  valsss  of  ths 
soatrol  iapat.  ths  stats  at  tias  A.  i^(B) t+AJtg.  bs  brought 
arbitrarily  oloss  to  ip{(-4.S)}x0.  tad.  thsrsby,  to  aay  <y>  ia  a 
asighborhood  of  <sq>  vhils  rsaaiaiag  N.  0 

It  should  bs  aotsd  that,  gsasrioally,  loeal-loeal  soatrol lability  holds 


only  for  points  on  tk«  lines  containing  thi  eigenvectors  of  D  *A.  Clearly,  ao 
homogeneous  bilinear  system  (1)  it  local- locally  coatr oil able  except  on  a  aet 
with  empty  interior  in  1*. 

Xbe  final  topic  ve  will  eonaider  in  tbia  aeetioa  eoneeraa  global 
controllability  behavior.  If  looal- local  controllability  espreeaea  an  ability 
to  travel  at  will  without  inordinate  exenreioae  in  the  state  apace,  it  is 
reasonable  to  ask  tke  sane  question  regarding  tke  control  space.  Ike  problem 
of  control  space  constraints  requires  a  asperate  paper  of  ita  own,  but  we  will 
oonsider  here  what  is  perhaps  the  strongest  such  constraint  that  night 
reasonably  be  iaposed.  In  Theorem  1  it  was  shown  that  any  state  may  be 
transferred  to  any  other  state  using  no  more  than  two  constant  ooatrol  values 
when  the  system  is  completely  eoatrollable.  Ve  will  cay  that  (1)  is  one- stem 
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controllable  if  it  is  completely  controllable,  and  any  state  may  be 
transferred  to  any  other  state  using  a  single  constant  control  value. 

Proposition  4.3;  System  (1)  is  one* step  controllable  if  and 
only  if  it  has  the  stability  assignment  property  on  If. 

Proof:  Clearly.,  the  system  cannot  be  one-step  controllable  unless 
it  is  completely  catrollable  -  unless  the  pencil  takes  focal  values 
according  to  Theorem  1.  From  the  results  of  Proposition  4.2  ve  may 
always  find  an  open  set  of  points  which  axe  not  loeal-loeally 
controllable.  Since  system  (1)  is  LTI  under  constant  control  inputs, 
ve  require  that  the  pencil  include  values  whose  associated  integral 
curves  return  to  arbitrarily  small  neighborhoods  of  any  point.  The 
only  such  systems  are  pure  centers  -  i.e.  whose  matrices  have  pure 
imaginary  eigenvalues.  If  tr{D}  i*  0  then  the  pencil  cannot  have  purely 
imaginary  eigenvalues  without  being  assignable  on  If.  If  tr(D)  -  0, 
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then  tx(A)  aut  vanish  as  veil  for  the  pencil  to  have  a  value  with 
pure  iaaginary  roots,  henee  if  it  has  any  such  values,  then  all  its 
values  have  this  property.  In  this  ease  the  pencil  is  not 
assignable, henee  not  controllable. 

Conversely,  assuae  that  the  pencil  is  assignable  on  If,  so  that 
for  all  p  s  If  there  exists  a  continuous  regular  aatrix  valued 
function,  P(|i)  such  that  A+pD  -  P(p)[a(p)I+p(p)J]P  1(|i),  and  o  covers 
an  open  neighborhood  of  the  origin  in  X  with  c(pq)  “  0.  It  follows 
that  exp{v[A+pD])  ■  ex#  Q(r,p)  where,  for  any  pair  of  points,  x,y,  for 
every  p  s  If,  there  exists  a  Tq(|i)  such  that  ^  xq  +  2nn  iaplies 
fl(r&,p)x  “  e2xno  y(p)y  where  y  is  soae  positive  continuous  function. 
Setting  r(|i)  ^  In  y/  Its  it  is  elear  that  r  becoaes  unbounded  as  p 
approaches  pq,  and,  henoe  takes  integer  values  (sinoe  it  is  also 
continuous)  aaaong  then,  say  r(pj)  “  N.  This  iaplies  that 
exp  {X||[ A+p^D] )  x  *  y.  0 

It  ia  interesting  to  note  that  assignability  over  If  is  equivalent  to  the 
ibility  to  induce  a  "Hopf  Bifurcation"  of  the  pencil  (A,D). 

[.  Coaputational  Details 

Pact  1.1:  If  A  and  D  are  two  aatrioes  then  |A+D|  *  I A I  +  Id|  + 
trU#D)  -  I A I  +  |D  I  +  tr{D#A) 

Fact  1.2:  Let  D  be  a  aatrix  with  pure  iaaginary  eigenvalues. 

Then  [DJ]g  ■  DJ  is  sign  definite. 

Proof:  It  will  suffioe  to  show  that  [DJ]g  ■  DJ,  since  |DJ|  ■  Id| 

|j|  >0,  under  the  hypothesis.  Sinoe  D  has  pure  iaaginary  eigenvalues 
it  i*  siailar  to  a  aultiple  ofJ  -  i. e.  there  is  a  change  of  basis,  P, 
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sueh  that  PJP-1  e  <D>.  Since  P-1  -  P^/|P| ,  thia  implies  that  PPTJ  e 

<D> ,  or  DJ  e  <PPT>.  0 

Pact  1.3:  |PSI  -  iPl  -  tr{JPJ2/4 

Proof :  |P+PT|  -  2|P|  -  tr{(JP)2J.  Since  tr{(JP)2}  -  -2 |P|  + 

2 

tr(JP)  (from  computation),  the  reanlt  follows. 
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